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1. Introduction and main results

In this paper we consider the least-square regularized learning algorithm for regression with non-iid sampling.
Let (X,d) be a compact metric space (input space). Each x ∈ X is assigned a probability measure �x = �(·|x) on Y := R. We

define our target function for learning by

f�(x) =
∫
Y
y d�(y|x), x ∈ X. (1.1)

In the setting of regression in learning theory, {�x} are conditional distributions of a probability measure on Z := X × Y and f� is
the regression function.

Our learning algorithm is a kernel method. We say that K : X × X → R is a Mercer kernel if it is continuous, symmetric and
positive semidefinite in the sense that the matrix (K(xi, xj))

l
i,j=1 is positive semidefinite for any {x1, . . . , xl} ⊂ X. The reproducing

kernel Hilbert space (RKHS) HK associated with the kernel K is defined to be the completion of the linear span of the set of
functions {Kx := K(x, ·) : x ∈ X} with the inner product 〈·, ·〉K given by 〈Kx,Ky〉K = K(x, y).

Let � = supx∈X
√
K(x, x). Then the reproducing property means that

〈Kx, f 〉K = f (x), ∀x ∈ X, f ∈ HK . (1.2)
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It follows that

|f (x)|�‖f‖C(X)��‖f‖K , f ∈ HK , x ∈ X. (1.3)

The least-square regularized regression algorithm associatedwith theMercer kernel K and a sample z := {zi}mi=1={(xi, yi)}mi=1 ∈
Zm is defined as

fz,� = arg min
f∈HK

⎧⎨⎩ 1
m

m∑
i=1

(f (xi) − yi)
2 + �‖f‖2K

⎫⎬⎭ , (1.4)

where ��0 is a constant called the regularization parameter. It is usually chosen as �=�(m) to depend onm and limm→∞�(m)=0.
Throughout the paper, we assume that for some M�0, �x is supported on [−M,M]. That means |y|�M almost surely and

hence |f�(x)|�M.
The aim of this paper is to study the learning performance of (1.4) with non-iid sampling. The model we take throughout

the paper is from Smale and Zhou (2009) based on a sequence of probability measures {�(i)} on Z, such that the conditional
distribution of �(i) at x equals �x for every x ∈ X. The probability distribution of each pair (xi, yi) is �(i).

In the special case of iid sampling, the sequence {�(i)} is identical. There have been in the literature satisfactory learning rates
such as Caponetto and De Vito (2007) and Wu et al. (2006) for capacity dependent learning rates, and Bousquet and Elisseeff
(2002), De Vito et al. (2005), Smale and Zhou (2007) and Zhang (2003) for capacity independent learning rates. For a setting
(Smale and Zhou, 2009) of non-identical distributions, the sampling points {xi} are drawn from different marginal distributions,
and error analysis was done in Smale and Zhou (2009) under the assumption of independence. Shannon sampling (Smale and
Zhou, 2004) and randomized sampling (Zhou and Zhou, to appear) are also examples of this setting. For dependent sampling
such as weakly dependent sampling, there is an increasing literature (Modha and Masry, 1996; Steinwart et al., 2008; Sun and
Wu, to appear; Xu and Chen, 2008).

The main purpose of the paper is to study learning ability of the least-square regularized regression algorithm (1.4) with
non-iid sampling. Our setting does not require independence or identity, since either of them is a rather restrictive assumption
in some real data analysis. The learning ability of the algorithm will be measured by learning rates.

Relaxing the independence condition, we assume the sampling sequence to be a stationary process satisfying the following
mixing condition.

Definition 1. A stationary process {zi} is said to be �-mixing or strongly mixing if

�(j) = sup
A∈Rk

1,B∈R∞
k+j ,k�1

|P(A ∩ B) − P(A)P(B)| → 0 (1.5)

as j → ∞, whereRk
1 andR∞

k+j denote the �-algebra of events generated by the random variables {zi : 1� i�k} and {zi : i�k+ j},
respectively. It is said to satisfy an exponential strongly mixing condition, if for some positive constants a, b and c, we have

�(i)�a exp(−cib), ∀i�1. (1.6)

It satisfies a polynomial strongly mixing condition, if for some positive constants a and b, we have

�(i)�ai−b, ∀i�1. (1.7)

While the setting of dependent sampling (with identical distribution) has been intensively studied in the literature (e.g.
Steinwart et al., 2008), the non-identical setting is less understood. The main difficulty lies in finding rules for non-identical
distributions under suitable conditions. In this paper we keep the standard mixing condition for dependent sampling (Modha
and Masry, 1996), and use ideas from Smale and Zhou (2009) to improve the understanding of non-identical setting.

Let �(i)
X be the marginal distribution of �(i) on X. To replace the identity of the sampling sequence {�(i)}, we assume as in Smale

and Zhou (2009) that the marginal distribution {�(i)
X } converges to a probability measure �X in the dual (Cs(X))∗ of a Hölder space.

Recall the Hölder space Cs(X) with 0� s�1, which consists of all continuous functions on X with the following norm finite:

‖f‖Cs(X) = ‖f‖∞ + |f |Cs(X) where |f |Cs(X) := sup
x� y∈X

|f (x) − f (y)|
(d(x, y))s

.

Definition 2. Let 0� s�1. We say that the sequence {�(i)
X } converges to �X exponentially in (Cs(x))∗, if there exist C>0 and

0<�<1 such that

‖ �(i)
X − �X

∥∥
(Cs(X))∗ �C�i, ∀i ∈ N. (1.8)
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Remark 1. Condition (1.8) is equivalent to∣∣∣∣∫
X
f (x)d�(i)

X −
∫
X
f (x)d�X

∣∣∣∣ �C�i(‖f‖∞ + |f |Cs(X)), ∀f ∈ Cs(X), i ∈ N. (1.9)

The exponential convergence of {�(i)
X } in (C(X))∗, the space of signed finite measures with s = 0, implies (1.8) for any 0<s�1. So

the setting with condition (1.8) is more general than the exponential convergence of �(i)
X as measures.

Definition 3. For a probability measure �, we define an integral operator LK,� : L2� → L2� as

LK,�f =
∫
X
Kvf (v)d�(v).

It is a compact operator and its power LrK,� is well-defined. The function f� is said to satisfy the regularity condition (of order r) if

f� = LrK,�X
(g�) for some g� ∈ L2�X

(X). (1.10)

Let 0� s�1 be a fixed Hölder exponent used in the exponential convergence of measures.

Definition 4. We say that the Mercer kernel K satisfies the kernel condition (of order s) if for some constant �2s >0, K ∈ Cs(X×X)
and for all u1,u2,v1,v2 ∈ X

|K(u1,v1) − K(u2,v1) − K(u1,v2) + K(u2,v2)|��2s(d(u1,u2))
s(d(v1,v2))

s. (1.11)

Let us state our main results on the error analysis which will be proved in Section 4.

Theorem 1. Assume that {zi} satisfies the �-mixing condition (1.7) with b>0 and {�(i)
X } converges exponentially in (Cs(X))∗ with

0<s�1 satisfying (1.8). Suppose K satisfies (1.11) and f� has the regularity property (1.10) with 1
2 <r� 3

2 . If b�1, by taking
� = m−b/(2br+1), we have

Ez1,. . .,zm (‖fz,� − f�‖K )� C̃
√
logmm−b(r−1/2)/(2br+1), (1.12)

where C̃ is a constant independent ofm. If 0<b<1, by taking � = m−b/(2r+1), we have

Ez1,. . .,zm (‖fz,� − f�‖K )� C̃m−b(r−1/2)/(2r+1). (1.13)

Learning rates (1.12) and (1.13) measure the error in the ‖ · ‖K-metric which was first studied in Smale and Zhou (2007). The
learning rates given there in the i.i.d. setting are of orderO(m−(r−1/2)/(2r+1)) under assumption (1.10). When the index b in mixing
condition (1.7) tends to infinity, the power for our learning rates in (1.12) approaches (r − 1/2)/2r which is even better than the
power (r − 1/2)/(2r + 1) in Smale and Zhou (2007). In fact, the power for the learning rates in Smale and Zhou (2007) can be
improved to (r−1/2)/2r, as explained in the remark after the proof of Theorem 1 in Section 4. With this improvement, the power
in (1.12) under mixing condition (1.7) with b>0 is consistent to that in the i.i.d. setting by taking b → ∞.

Learning rates for the regression algorithm (1.4) are usually measured in the ‖ · ‖L2�X
-metric (Caponetto and De Vito, 2007;Wu

et al., 2006; Zhang, 2003). In our non-iid setting, the learning rates in the ‖ · ‖L2�X
-metric can be stated as follows.

Theorem 2. Under the assumption of Theorem 1, if b>1, by taking � = m−1/2, we have

Ez1,. . .,zm

(
‖fz,� − f�‖L2�X

)
� C̃(logm)3/4m−1/4. (1.14)

Learning rate (1.14) does not depend on r and b: regularity property (1.10) with any r > 1
2 for f� ensures enough decay of the

approximation error in the ‖ · ‖L2�X
-metric, see (4.2). This is essentially different from the analysis in the ‖ · ‖K-metric. Except the

logarithmic term, the power 1
4 for our learning rate in (1.14) is the same as that in the i.i.d. setting given in Smale and Zhou (2007)

under assumption (1.10) with r = 1
2 .

Remark 2. Learning rates (1.12)–(1.14) are given in expectation because our estimates depend on an inequality in expectation
(Lemma 1 below, cited from Dehling and Philipp, 1982) to deal with dependency. To our best knowledge, due to the dependency,
there is no exponential probability inequality in the literature which can be applied to our non-iid settingwithmixing conditions.
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It would be interesting to get confidence-based learning rates (of type m−� log 1/	 with confidence 1 − 	), using exponential
probability inequalities for dependent random variables.

2. Bounding the drift error and approximation error

We estimate the error between fz,� and f� by the technique of integral operators (Smale and Zhou, 2007). Learning rates (1.12)
and (1.13) will be derived by taking the choice of � as stated in Theorem 1 from more general error bound (4.1) in Theorem 4.

Write � = (1/m)
∑m

i=1�
(i)
X . A noise-free limit of fz,� is given by

f�,� = arg min
f∈HK

{∫
X
(f (x) − f�(x))

2d�(x) + �‖f‖2K
}
. (2.1)

We shall estimate the error fz,� − f� by decomposing it into three parts:

fz,� − f� = {fz,� − f�,�} + {f�,� − f�,�X
} + {f�,�X

− f�}. (2.2)

2.1. Approximation error

The last term of (2.2) is incurred by the regularization parameter and is called the approximation error (Zhou, 2002). It does
not depend on the sample. By Proposition 3 in Smale and Zhou (2009), we have the following proposition.

Proposition 1. If f� satisfies condition (1.10) with 1
2 <r� 3

2 , then for any �>0 we have

‖f�,�X
− f�‖K �‖g�‖L2�X

�r−1/2. (2.3)

2.2. Drift error

The middle term of (2.2) is caused by the difference of the marginal distribution {�(i)
X } from the limit �X . It is called the drift

error and can be stated as follows.

Proposition 2. Let themarginal distribution sequence {�(i)
X } satisfy exponential convergence condition (1.8)with0� s�1. If f� satisfies

regularity condition (1.10) with 1
2 <r� 3

2 , and K satisfies kernel condition (1.11), then

‖f�,� − f�,�X
‖K �

M1

m
�r−3/2‖g�‖L2�X

, (2.4)

where M1 = C(�/(1 − �))(� + �2s)
√

�2 + 2|K|Cs(X×X) + �2s.

Proof. When condition (1.11) is valid, it was proved in Zhou (2003) thatHK is included in Cs(X) with the inclusion bounded as

‖f‖Cs(X)� (� + �2s)‖f‖K , ∀f ∈ HK . (2.5)

Proposition 1 in Smale and Zhou (2009) tells us that

‖f�,� − f�,�X
‖K �

CK
�

‖� − �X‖(Cs(X))∗ ‖f�,�X
− f�‖Cs(X), (2.6)

where CK :=
√

�2 + 2|K|Cs(X×X) + �2s is a constant depending only on K. Then

‖f�,� − f�,�X
‖K �

CK
�

∥∥∥∥∥∥ 1
m

m∑
i=1

�(i)
X − �X

∥∥∥∥∥∥
(Cs(X))∗

‖f�,�X
− f�‖Cs(X)

�
CK
�

1
m

m∑
i=1

‖�(i)
X − �X‖(Cs(X))∗ ‖f�,�X

− f�‖Cs(X)

�
CK
�

1
m

m∑
i=1

C�i(� + �2s)‖f�,�X
− f�‖K

�
CK
�

C
m

�
1 − �

(� + �2s)‖f�,�X
− f�‖K ,
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where ‖f�,�X
− f�‖K is the approximation error. Due to Proposition 1,

‖f�,� − f�,�X
‖K �

CK
�

C
m

�
1 − �

(� + �2s)�
r−1/2‖g�‖L2�X

=
CKC

�
1 − �

(� + �2s)

m
�r−3/2‖g�‖L2�X

.

This proves the proposition. �

3. Estimating the sample error

Todealwith thedependence,weneed the followingprobability inequalityprovedbyDehling andPhilipp (1982) (the inequality
for real-valued random variables is due to Davydov and Yu, 1970).

Lemma 1. Let 
 and � be random variables with values in a separable Hilbert space H measurable �-field F and G, respectively. If
u,v, t�1 (possibly +∞) with u−1 + v−1 + t−1 = 1, then

|E(
,�) − (E
,E�)|�15�1/t(F,G)‖
‖u‖�‖v, (3.1)

where �(F,G) = supA∈F,B∈G|P(A⋂B) − P(A)P(B)| and ‖
‖u = (E‖
‖uH)1/u.

Proposition 3. Let the random sequence {zi} satisfy the �-mixing condition, and the marginal distribution sequence {�(i)
X } satisfy the

exponential convergence condition (1.8). Let 	>0. If f� ∈ HK , then

Ez1,. . .,zm {‖fz,� − f�,�‖K}� �‖f�‖K√
m�

+ 6�(M + �‖f�‖K )	/(4+2	)‖f�‖2/(2+	)
K

√∑m−1
i=1 (�(i))	/(2+	)

√
m��	/(4+2	)

. (3.2)

Proof. Denote x = {xi}mi=1. Recall the operator STxSx : HK → HK given by STxSxf = ∑m
i=1f (xi)Kxi . By an expression obtained in

Theorem 1 of Smale and Zhou (2005, 2007),

fz,� − f�,� =
(
1
m

STxSx + �I
)−1

⎧⎨⎩ 1
m

m∑
i=1

(yi − f�,�(xi))Kxi − LK,�(f� − f�,�)

⎫⎬⎭ . (3.3)

Denote the random variable 
 with values inHK given by 
(z) = (y − f�,�(x))Kx. Then

‖fz,� − f�,�‖K �
�
�
,

where

� :=
∥∥∥∥∥∥ 1
m

m∑
i=1


(zi) − LK,�(f� − f�,�)

∥∥∥∥∥∥
K

. (3.4)

Taking inner products inHK , we have

Ez1,. . .,zm (�
2)� I1 + I2 − 2I3 + ‖LK,�(f� − f�,�)‖2K

:= 1
m2

m∑
i=1

Ezi (yi − f�,�(xi))
2K(xi, xi) + 1

m2

∑
i� j

Ezi ,zj 〈
(zi),
(zj)〉K

− 2
m

m∑
i=1

Ezi (yi − f�,�(xi))LK,�(f� − f�,�)(xi) + ‖LK,�(f� − f�,�)‖2K .

Since ‖L1/2K,�f‖K = ‖f‖L2� for f ∈ L2�, we know that

I3 =
∫
X
(f�(x) − f�,�(x))LK,�(f� − f�,�)(x)d� = ‖L1/2K,�(f� − f�,�)‖2L2� = ‖LK,�(f� − f�,�)‖2K .

Next we estimate the crucial part I2 involving the weak dependence. When i� j, we apply Lemma 1 to 
 = 
(zi) and � = 
(zj)
with u = v = 2 + 	, t = (2 + 	)/	 and see

Ezi ,zj 〈
(zi),
(zj)〉K − 〈Ezi
(zi),Ezj
(zj)〉K �15(�(|i − j|))	/(2+	)‖
(zi)‖2+	‖
(zj)‖2+	. (3.5)
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But Ezi
(zi) = ∫
X(f�(x) − f�,�(x))Kxd�

(i)
X and

‖
(zi)‖2+	
2+	 =

∫
Z
‖
(zi)‖2+	

K d�(i) =
∫
Z
[(y − f�,�(x))

2K(x, x)](2+	)/2d�(i)

� (M + ‖f�,�‖∞)	/2�	
∫
X
(f�(x) − f�,�(x))

2K(x, x)d�(i)
X . (3.6)

It follows that

I2�
1
m2

∑
i� j

∫
X

∫
X
(f�(x) − f�,�(x))(f�(w) − f�,�(w))K(x,w)d�(i)

X (x)d�(j)
X (w)

+ 15
m2

∑
i� j

(�(|i − j|))	/(2+	)�2	/(2+	)(M + ‖f�,�‖∞)	/(2+	)

×
{∫

X
(f�(x) − f�,�(x))

2K(x, x)d�(i)
X

}1/(2+	){∫
X
(f�(x) − f�,�(x))

2K(x, x)d�(j)
X

}1/(2+	)
.

The last term on the right side is bounded by

15
m2 �2	/(2+	)(M + ‖f�,�‖∞)	/(2+	)

m∑
i=1

{∫
X
(f�(x) − f�,�(x))

2K(x, x)d�(i)
X

}2/(2+	)∑
j� i

(�(|i − j|))	/(2+	)

�
15
m

�2	/(2+	)(M + ‖f�,�‖∞)	/(2+	)
{∫

X
(f�(x) − f�,�(x))

2K(x, x)d�
}2/(2+	)

2
m−1∑
l=1

(�(l))	/(2+	). (3.7)

Taking f = f� in definition (2.1) of f�,�, we know that∫
X
(f�,�(x) − f�(x))

2d� + �‖f�,�‖2K ��‖f�‖2K . (3.8)

It yields ‖f�,�‖K �‖f�‖K and∫
X
(f�(x) − f�,�(x))

2K(x, x)d���2�‖f�‖2K . (3.9)

Hence the last term for bounding I2 is at most

30
m

�2	/(2+	)(M + �‖f�‖K )	/(2+	)(�2�‖f�‖2K )2/(2+	)
m−1∑
l=1

(�(l))	/(2+	)

�30�2(M + �‖f�‖K )	/(2+	)‖f�‖4/(2+	)
K

�2/(2+	)

m

m−1∑
l=1

(�(l))	/(2+	). (3.10)

The first term for bounding I2 equals

‖LK,�(f� − f�,�)‖2K − 1
m2

m∑
i=1

∫
X

∫
X
(f�(x) − f�,�(x))(f�(w) − f�,�(w))K(x,w)d�(i)

X (x)d�(i)
X (w),

which is bounded by ‖LK,�(f� − f�,�)‖2K according to the Mercer kernel property. Also, we see that

I1 = 1
m2

m∑
i=1

∫
X
(f�(x) − f�,�(x))

2K(x, x)d�(i)
X

= 1
m

∫
X
(f�(x) − f�,�(x))

2K(x, x)d��
�2�‖f�‖2K

m
.

Combining all the estimates for I1, I2, I3, we know that

Ez1,. . .,zm (�
2)�

�2�‖f�‖2K
m

+ 30�2(M + �‖f�‖K )	/(2+	)‖f�‖4/(2+	)
K

�2/(2+	)

m

m−1∑
l=1

(�(l))	/(2+	). (3.11)

This proves the desired bound. �
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When the error is measured in the ‖ · ‖L2�X
-metric, it was shown in Caponetto and De Vito (2007) and Smale and Zhou (2007)

that bounds for the sample error can be improved by means of the norm relationship ‖L1/2K,�f‖K = ‖f‖L2� . In our non-iid setting, we

have the following estimate for the sample error.

Proposition 4. Let the random sequence {zi} satisfy the �-mixing condition, and the marginal distribution sequence {�(i)
X } satisfy the

exponential convergence condition (1.8). Let 	>0. If f� ∈ HK , then

Ez1,. . .,zm {‖fz,� − f�,�‖L2�X
}�

⎡⎢⎣1 + �m1/4
√
m�

⎧⎨⎩1 + 30
m−1∑
i=1

(�(i))	/(2+	)

⎫⎬⎭
1/4
⎤⎥⎦

×
⎛⎝�‖f�‖K√

m
+ 6�(M + �‖f�‖K )	/(4+2	)‖f�‖2/(2+	)

K

√∑m−1
i=1 (�(i))	/(2+	)

√
m�	/(4+2	)

⎞⎠ .

Proof. Applying the relation ‖L1/2K,�f‖K = ‖f‖L2� to the function f = fz,� − f�,� in (3.3) we know that Ez1,. . .,zm {‖fz,� − f�,�‖L2�X
} equals

Ez1,. . .,zm

∥∥∥∥∥∥L1/2K,�

(
1
m

STxSx + �I
)−1

⎧⎨⎩ 1
m

m∑
i=1

(yi − f�,�(xi))Kxi − LK,�(f� − f�,�)

⎫⎬⎭
∥∥∥∥∥∥
K

�Ez1,. . .,zm

∥∥∥∥∥∥
(
1
m

STxSx

)1/2( 1
m

STxSx + �I
)−1

⎧⎨⎩ 1
m

m∑
i=1

(yi − f�,�(xi))Kxi − LK,�(f� − f�,�)

⎫⎬⎭
∥∥∥∥∥∥
K

+ Ez1,. . .,zm

∥∥∥∥∥
{
L1/2K,� −

(
1
m

STxSx

)1/2
}(

1
m

STxSx + �I
)−1

⎧⎨⎩ 1
m

m∑
i=1

(yi − f�,�(xi))Kxi − LK,�(f� − f�,�)

⎫⎬⎭
∥∥∥∥∥∥
K

.

This in connection with the inequality ‖L1/2K,� − ((1/m)STxSx)
1/2‖�‖LK,� − (1/m)STxSx‖1/2 given as Theorem 2.1 in Sun and Wu

(2009) implies

Ez1,. . .,zm {‖fz,� − f�,�‖L2�X
}� 1√

�
Ez1,. . .,zm� + Ez1,. . .,zm

∥∥∥∥LK,� − 1
m

STxSx

∥∥∥∥1/2

×
∥∥∥∥∥∥
(
1
m

STxSx + �I
)−1

⎧⎨⎩ 1
m

m∑
i=1

(yi − f�,�(xi))Kxi − LK,�(f� − f�,�)

⎫⎬⎭
∥∥∥∥∥∥
K

�
1√
�

Ez1,. . .,zm� +
√

Ez1,. . .,zm

∥∥∥∥LK,� − 1
m

STxSx

∥∥∥∥ ·
√

Ez1,. . .,zm

(
1
�
�
)2

.

Besides bound (3.11) for Ez1,. . .,zm�, we need to estimate the operator norm ‖LK,� − (1/m)STxSx‖. Denote (x) := Kx〈·,Kx〉K
which is a rank one operator on HK for x ∈ X. Consider  to be a random variable with values in HS(HK ), the Hilbert space of
Hilbert–Schmidt operates onHK , with inner product 〈A,B〉HS=Tr(BTA). Here Tr denotes the trace of a (trace-class) linear operator.
The spaceHS(HK ) is a subspace of the space of bounded linear operator onHK , denoted as (L(HK ), ‖ ·‖), with the norm relations

‖A‖�‖A‖HS, ‖AB‖HS �‖A‖HS‖B‖. (3.12)

As in the proof of Proposition 3, we have

Ez1,. . .,zm

∥∥∥∥LK,� − 1
m

STxSx

∥∥∥∥2�Ez1,. . .,zm

∥∥∥∥LK,� − 1
m

STxSx

∥∥∥∥2
HS

�
1
m2

m∑
i=1

Ezi 〈(xi), (xi)〉HS + 1
m2

m∑
i� j

Ezi ,zj 〈(xi), (xj)〉HS − 2
m

m∑
i=1

Ezi 〈(xi), LK,�〉HS + ‖LK,�‖HS

�
�4

m
+ 15

m2

∑
i� j

(�(|i − j|))	/(2+	)‖(xi)‖2+	‖(xj)‖2+	 �
�4

m

⎛⎝1 + 30
m−1∑
l=1

(�(l))	/(2+	)

⎞⎠ .
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Therefore,

Ez1,. . .,zm {‖fz,� − f�,�‖L2�X
}� 1√

�

√
Ez1,. . .,zm�2

(
1 + 1√

�

√
Ez1,. . .,zm

∥∥∥∥LK,� − 1
m

STxSx

∥∥∥∥
)

can be bounded as stated. This proves Proposition 4. �

4. Deriving learning rates

Combining the bounds in Propositions 1–3, we get the following estimate for the error fz,� − f� in theHK-metric.

Theorem 3. Assume that {zi} satisfies �-mixing condition (1.7) and {�(i)
X } satisfies exponential convergence (1.8) with 0<s�1. If K

satisfies kernel condition (1.11) and f� has regularity property (1.10) for some 1
2 <r� 3

2 , then for any 	>0, we have

Ez1,. . .,zm (‖fz,� − f�‖K )� C̃∗
⎧⎨⎩�r−1/2 + �r−1/2

m�
+ 1√

m�
+
√∑m−1

i=1 (�(i))	/(2+	)

√
m��	/(4+2	)

⎫⎬⎭ , (4.1)

where C̃∗ = ‖g�‖L2�X
+ M1‖g�‖L2�X

+ �‖f�‖K + 6�‖f�‖2/(2+	)
K (M + �‖f�‖K )	/(4+2	).

In the same way, the following estimate for the error fz,� − f� in the L2�X
-metric is a consequence of Propositions 2 and 4 and a

trivial bound for the approximation error when f� ∈ HK :

‖f�,�X
− f�‖2

L2�X

+ �‖f�,�X
‖2K ��‖f�‖2K ∀�>0. (4.2)

Theorem 4. Assume that {zi} satisfies �-mixing condition (1.7) and {�(i)
X } satisfies exponential convergence (1.8) with 0<s�1. If K

satisfies kernel condition (1.11) and f� has regularity property (1.10) for some 1
2 <r� 3

2 , then for any 	>0, we have

Ez1,. . .,zm (‖fz,� − f�‖L2�X
)

� C̃∗∗

⎧⎪⎨⎪⎩�1/2 + �r−1/2

m�
+
⎛⎝ 1√

m
+
√∑m−1

i=1 (�(i))	/(2+	)

√
m�	/(4+2	)

⎞⎠
⎡⎢⎣1 + m1/4

√
m�

+ m1/4
√
m�

⎛⎝m−1∑
i=1

(�(i))	/(2+	)

⎞⎠1/4
⎤⎥⎦
⎫⎪⎬⎪⎭ ,

where C̃∗∗ = ‖f�‖K + �M1‖g�‖L2�X
+ �‖f�‖K + 6�‖f�‖2/(2+	)

K (M + �‖f�‖K )	/(4+2	)(1 + 3�).

We are in a position to prove Theorem 1 on learning rates in the K-metric stated in the Introduction.

Proof of Theorem 1. When 1�b<∞, we take 	= 2/(b− 1)>0. Then
∑m−1

i=1 (�(i))	/(2+	)
�
∑m

i=1ai
−1

�a logm. By Theorem 4, we
have

Ez1,. . .,zm (‖fz,� − f�‖K )� C̃∗
{
�r−1/2 + �r−1/2

m�
+ 1√

m�
+

√
a
√
logm√

m��1/2b

}
. (4.3)

Thus when �r−1/2 = 1/
√
m��1/2b, that is, � = m−b/(2br+1), we have

Ez1,. . .,zm (‖fz,� − f�‖K )� (3 + √
a)̃C∗√logmm−b(r−1/2)/(2br+1). (4.4)

This proves (1.12).
When 0<b<1, we take 	 = ∞. Then

∑m−1
i=1 (�(i))	/(2+	) =∑m−1

i=1 �(i)� (a/(1 − b))m1−b, and we conclude from Theorem 4 that

Ez1,. . .,zm (‖fz,� − f�‖K )� C̃∗

⎧⎪⎪⎨⎪⎪⎩�r−1/2 + �r−1/2

m�
+ 1√

m�
+

√
a

1 − b
m(1−b)/2

√
m��1/2

⎫⎪⎪⎬⎪⎪⎭ . (4.5)

When � = m−b/(2r+1), this yields

Ez1,. . .,zm (‖fz,� − f�‖K )�
(
3 +

√
a

1 − b

)
C̃∗m−b(r−1/2)/(2r+1). (4.6)

This proves Theorem 1. �
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Remark 3. In the above proof, we make full use of assumption (1.10) with 1
2 <r� 3

2 and apply bound (2.3) from Proposition 1
for the approximation error. In Smale and Zhou (2007) the estimate for the sample error ‖fz,� − f�,�X

‖K (stated as Theorem 1 there)
was provided for general measures without special condition (1.10). Hence the learning rates there were not optimal when f�
satisfies (1.10) with 1

2 <r� 3
2 . If one uses (2.3) in this special case, the learning rate for ‖fz,� − f�‖K in Smale and Zhou (2007) can

be improved to O(m−(r−1/2)/2r), which would be consistent to our learning rate (1.12).

Another mixing condition is induced by �-mixing coefficients as follows.

Definition 5. A stationary process {zi} is said to be �-mixing if

�(j) = sup
A∈Rk

1,B∈R∞
k+j ,k�1

|P(A|B) − P(A)| → 0 (as j → ∞). (4.7)

In this case, the following probability inequality is due to Billingsley (1968) whose proof is also valid for H-valued random
variables.

Lemma 2. Let 
 and � be random variables with values in a separable Hilbert spaceH measurableF and G, respectively. If p, q�1
satisfy p−1 + q−1 = 1, then

|E(
,�) − (E
,E�)|�2�1/p(F,G)‖
‖p‖�‖q, (4.8)

where �(F,G) = supA∈F,B∈G|P(A|B) − P(A)|.

With this inequality, we can do the error analysis as follows.

Theorem 5. Assume that {zi} satisfies the �-mixing condition (4.7) and {�(i)
X } satisfies exponential convergence (1.8)with 0<s�1. If

K satisfies kernel condition (1.11) and f� has regularity property (1.10) for some 1
2 <r� 3

2 , then for any 	>0, we have

Ez1,. . .,zm (‖fz,� − f�‖K )� C̃∗
⎧⎨⎩�r−1/2 + �r−1/2

m�
+ 1√

m�
+
√∑m−1

i=1 (�(i))	/(2+	)

√
m��	/(4+2	)

⎫⎬⎭ , (4.9)

where C̃∗ = ‖g�‖L2�X
+ M1‖g�‖L2�X

+ �‖f�‖K + 2�‖f�‖2/(2+	)
K (M + �‖f�‖K )	/(4+2	).

In particular, if {�(j)} decays as �(j) = O(j−b) for some b>0, then we derive easily the following learning rates by taking
suitable choices of �.

Corollary 1. Under the condition of Theorem 5, if �(j)�aj−b for some b�1, then

Ez1,. . .,zm (‖fz,� − f�‖K )� C̃
√
logmm−b(r−1/2)/(2br+1) by taking � = m−b/(2br+1),

where C̃ is a constant independent ofm. If �(j)�aj−b for some 0<b<1, then

Ez1,. . .,zm (‖fz,� − f�‖K )� C̃m−b(r−1/2)/(2r+1) by taking � = m−b/(2r+1).
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